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THE ZETA FUNCTIONS OF THE FANO SURFACES OF 
CUBIC THREEFOLDS 

XAVIER ROULLEAU 



Abstract. We give an algorithm to compute the zeta function of the 
Fano surface of lines of a smooth cubic threefold F '-)• P 4 defined over 

5— i ■ a finite field. We obtain some examples of Fano surfaces with supersin- 

*~r*' gular reduction. 

in 

1. Introduction. 

Let k = ¥ q be a finite field of characteristic p/ 2 and let F ^-s> P, k be 

a smooth cubic hypersurface defined over k. Through a generic point of F 
^S^ ' pass 6 lines of F. The variety that parametrizes the lines on F is a smooth 

projective surface defined over k called the Fano surface of lines of F. This 
surface S is minimal of general type. 

In |14j . we prove that the Tate conjecture holds for S. Recall that the zeta 

function Z(X, T) of a smooth variety X/^ encodes the number of rational 

points of X over the extensions k r = ¥ q r. The Tate conjecture for X predicts 

that the Picard number px of Xi^ equals to the order of pole of the zeta 

L~ ■ function Z(X,q~ s ) at s = 1. 

Knowing that the Tate conjecture holds for a Fano surface S, it is then 



natural to study its consequences and applications : this is the aim of this 
paper. Using the results of Bombieri and Swinnerton-Dyer [5], we give an 
algorithm that compute the zeta function Z(S,T) for a Fano surface S de- 
fined over k containing a A:-rational point. We are therefore able to obtain 
the Picard number pg, which is an important invariant but usually difficult 
k> ' to compute. 

The intermediate Jacobian J(F) of the cubic F is a certain 5-dimensional 
Abelian variety canonically associated to F. This variety J(F) is isomorphic 
over k to the Albanese variety of S, and it is also a Prym variety Pr(C/T) 
associated to a degree 2 cover C — > T of a certain plane quintic curve I\ As 
we will see, it is equivalent to compute the zeta functions Z(F,T), Z(S,T) 
or Z(J(F),T). 

In [6], Kedlaya gives an algorithm to compute the zeta function of cubic 
threefolds F that are triple abelian cover of P 3 branched over a smooth cubic 
surface. This algorithm runs by computing the number of points on the cubic 
hypersurface F '—} P 4 and uses the order 3 symmetries of F in order to reduce 
the computations. The algorithm we give (implemented in Sage, see |13j ) 
runs for any cubics containing a ^-rational line. To our knowledge, it seems 

l 
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also to be the first algorithm proposed in order to compute the zeta function 
of a Prym variety. 

We then study some interesting examples of cubic threefolds and compute 
the zeta functions of their Fano surfaces over fields of characteristic 5 and 7. 
We study also the Fano surface S/q of the Klein cubic threefold : 

F/q = {x\x2 + X%X 3 + x\x± + X4X5 + x\x\ = 0}. 
The surface S has good reduction S p at every prime p 7^ 11. 

Corollary 1. Let be p 7^ 2, 11. If 11 is a square modulo p, then S p has 
geometric Picard number 25, otherwise S p is super singular, i.e. its geometric 
Picard number equals 45 = 62. 

To the knowledge of the author, there are only a few cases where the zeta 
function of surfaces have been computed : apart from the cases of Abelian 
surfaces and a product of two curves, the zeta function has been computed for 
some examples of A3, some elliptic surfaces, for Fermat and some Delsarte 
hypersurfaces (see |17| and the references therein). 

Acknowledgements. The author gratefully thanks Bert van Geemen 
for his suggestion to consider the conic bundle structure for computing the 
zeta function of cubics, and Kiran Kedlaya for emails exchanges. This paper 
has been supported under FCT grant SFRH/BPD/72719/2010 and project 
Geometria Algebrica PTDC/MAT/099275/2008. 

2. The zeta function of a cubic threefold and its Fano 

SURFACE. 

2.1. Notations, hypothesis. Let F be a smooth cubic hypersurface de- 
fined over a field k of characteristic not 2 and let S be its Fano surface. The 
surface S is a smooth geometrically connected variety defined over k [2, Thm 
1.16 i and (1.12)]. We will suppose that S has a rational point s i.e. that F 
contains a line defined over k. The Albanese variety A of S is 5 dimensional 
and is defined over k [1] Lem. 3.1]. Let 1? : S — > A be the Albanese map 
such that -dso = 0. Let be the (reduced) image of S x S under the map 
(si,S2) —> i?Si — $S2- The variety O is a divisor on A defined over k and 
(A,®) is a principally polarized abelian variety J3J Prop. 5]. In this paper, 
we call the pair J(F) = (A, O) the intermediate Jacobian of F. 

2.2. Zeta functions, Weil polynomials. Let A be a smooth projective n- 
dimensional variety over a finite field k = ¥ q such that X (the variety over an 
algebraic closure k of k) is smooth. Let N r be the number of rational points of 
X over ¥ q r. The zeta function of A is defined by Z(X, T) = exp(^2 r>0 N r — ) 
and can be written: 

i=1n 

z(A,r)=^p,(A,r)(-^ +1 

8=0 

where Pi(X,T) is the Weil polynomial with integer coefficients: 

P i (X,T) = det(l-n*\H i (X,Q £ )), 

for it the Frobenius endomorphism of X. Suppose that A is a surface. Let 
Br{X) be the Brauer group of A and let NSk(X) be its Neron-Severi group. 
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Theorem 2. ([9\, Artin-Tate Conjecture). Suppose that the Tate conjecture 
is satisfied by X and the characteristic of k is at least 3. The Brauer group 
of X is finite and: 

V p 2pf,g~ s ) __ {-l) px ^\Br{X)\Disc{NS k {X)) 
s l ™(l- q ls)p x - q*(X)\NS k (X) tor \2 

where a(X) = x(X, Ox) — 1 + dim PicVar(X), NSk(X)t or is the torsion 
sub-group of NSk(X), px and Disc(N St{X)) are respectively the rank and 
the absolute value of the discriminant of NSk(X)/NSk(X)t or - 

Note that the order of a finite Brauer group is always a square. Let 
S be the Fano surface of a smooth cubic threefold F ^-> P 4 . The Picard 
variety PicVar(S) of S is reduced of dimension 5 [20, Lem. 1.1], and \ = 6, 
therefore a(S) = 10. 

As H 2 (S,Q £ ) ~ A 2 H 1 (A,Q i ) ~ H 2 {A,Q e ), the zeta function of S can be 
computed if we know the zeta function of A ; in fact we just need to know 
the action of the Frobenius on H 1 (A, Q^). 

Theorem 3. Suppose characteristic ^ 2. The etale cohomology groups 
H 3 (F,Qi) and H 1 (A, Q^(l)) are isomorphic as Galois modules. 

Proof. By [11, (14) and Thm 3], we have H 3 (F, Q e ) ~ T e (A) <g> Q e (l) _where 
T e (A) is the Tate module of A. But T e (A) Q^ is isomorphic to H^A, Q^). 

D 

Remark 4. It would be interesting to know a bound on the order of the torsion 
subgroup NS(S)tor- hi the examples we give in Section 6, we compute the 
values of lim s ^i (l _ i- s \ PS ■ For all the limits we computed, we get results 
on the form — nj, N € Z, giving the idea that the group NS(S)tor should be 



N 
trivial. 



2.3. Zeta function of a smooth cubic threefold. The upper half part 
of the Hodge diamond of a smooth cubic threefold F over C is: 

1 



1 

5 5 

Thus P (F,T) = 1-T, Pi(F,T) = 1 = P 5 (F,T), P 2 (F,T) = 1 - qT. 
The polynomials P4 and Pq are computed by Poincare duality: P4 = 1 — 



Q 2 T, 


Pe(F,T) 


= 1 - q 3 T. 








Corollary 5. 


We have: 
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N, 


•(F) = (1 + q r 


+ q 2r 


+ q 3r )-q r Tr( y ir r \H 


l (A®. 



l)), 

where ir is the Frobenius endomorphism of A and Tr denotes the trace. 
The roots of P{(F,T) have absolute value q~ 1 ' 2 . We have: 

Pi(5,T) = p 1 (A,r) = p 3 (i ? ,-). 
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Since by a computer it is possible to compute the number of points of F, 
it is possible in theory to get the zeta function of F, A and S. Kedlaya's 
algorithm computes the number of points of cubics F that are cyclic triple 
cover of P 3 . Alternatively, we can also compute the number of points of A, 
which is a Prym variety of a degree 2 etale cover of a certain plane quintic ; 
this is the algorithm we have implemented. 



2.4. Zeta function and Picard number of a Fano surface. Let S be 

the Fano surface of a smooth cubic F ^->- P over ¥ q . We have 

7(q T] = Pi(S,T)P 3 (S,T) 
{ ' ' (l-T)P 2 (S,T)(l-q2TY 

We can write Pi = ECfC 1 ~ w i r ) G Z i T \ with M = Q~ 1/2 - As 

H 2 (S,Qe) = /\ 2 H 1 (S,Qe) 

we get P 2 (S,T) = Ul<i< j <wO--«>WjT). Moreover P 3 (S, T) = q 15 T 10 >P X (S ', fa) . 
Thus 

p.) zis, T) nc:M-.T)nc:M-£r) 



(i - r)(i - q'T) rii<i<i<io(i - ^ S T) 

The order of the pole at 1 of Z(S, q~ s ) equals the number of elements of the 
set {(i,j)/l < i < j < 10 and ujiLOj = q} ; it is the multiplicity of the root 
1/q in P2(S,T) = P2(A,T). The Tate conjecture for Fano surfaces proved 
in |14| predicts that the Picard number p$ of S is equal to the order of pole 
of the zeta function Z(S,q~ s ) at s = 1, thus by 12.11 we g e t ; 

Corollary 6. The Fano surface has Picard number at least 5. 

Let N r (X) be the number of rational points of a variety X over ¥ q r . For 
each Weil polynomial Pi(X,T), let Wji, . . . , Wj^ be the reciprocal roots of 
Pi. The formula expressing the zeta function gives: 



2dimA' j=b t 

h3' 



N r (X)= Yl (- 1 )'' E w 



t=0 j=l 

We will use in section[3]this formula for computing the numbers Ni(S),N2(S) 
of the Fano surface S from the knowledge of the reciprocal roots u)\ i , . . . , U)\ io 
of Pi (5, T). 

3. The intermediate Jacobian as a Prym variety. 

Let F H P 4 be a smooth cubic threefold defined over the finite field 
k = ¥ q of characteristic not 2. We will suppose that F contains a line L 
defined over k, or equivalently that the Fano surface contains a A;-rational 
point. 

The aim of this section is to give an algorithm that compute the zeta 
function of the cubic F, the Fano surface S and the Albanese variety A by 
using the conic bundle structure on an appropriate blow-up of F. 

The algorithm will use two auxiliary curves : Cl the incidence curve 
parametrizing the lines on F meeting L and Tl the curve parametrizing 
planes Y containing L and such that the degree 3 plane curve Y n F is the 
union of three lines. 
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Let x\, . . . , X5 be coordinates in P 4 and let L "^ F be a /c-rational line on 
F. We can suppose that L = {xi = X2 = X3 = 0} and F = {F eq = 0} with 

F eq = l x x\ + 2^2X4X5 + £3X5 + 2qiXi + 2q 2 x 5 + /, 

where £1,^2,^3 a re linear, gi,(?2 a re quadratic and / is a cubic homogenous 
forms in the variables xi, x 2 , X3. Let I'H'F'be the plane X4 = X5 = 0. Any 
plane Y <—t P 4 containing the line L meets X into a unique point. Thus the 
plane X parametrizes planes in P 4 containing L. For a fc-point x = {x\ : x 2 ■ 
X3 : : 0) of X = P 2 , we denote by Y x the unique plane containing x. The 
intersection of F and Y x has equation F eq (yxXi : 2/1X2 : 2/1X3 : 2/2 : 2/3) = 0, 
i.e.: 

Vi(hy 2 + 2^22/22/3 + hvl + 2gi2/i2/2 + 2q 2 y 1 y 3 + 2/i7) = 
in the plane Y x with coordinates 2/1, 2/2; 2/3- Therefore, the intersection YnF 
equals L + Q x where 

Qx = {hy\ + 2^22/22/3 + ^32/1 + 2gi2/i2/2 + 2g 2 2/i?/3 + 2/f/ = 0}. 

The conic Q x is irreducible over k if and only if it is smooth. The scheme 
parametrizing the planes Y x such that Q x decomposes (over an extension) 
as Q x = L\ + L 2 with L\,L 2 two lines, is a plane reduced quintic curve 
r^ <-¥ X = P 2 (xi,X2,X3) defined over k, of equation detMe = 0, where: 

/ h h qx 

M e = h h 92 

\ Qi Q2 f 

Let Cl be the incidence scheme parametrizing the lines that meet L. 

Lemma 7. ('pj Lem. 2, 4], |12| Pro. (1.25)],). The plane quintic curve Yl 
has at most nodal singularities. A points x on Tl is singular if and only if 
Y x n F = L + 2L' , where L' is a line. The curve Tl is smooth for L generic. 
The scheme Cl is a reduced one dimensional subscheme of the Fano surface 
S. There is a natural degree 2 map [i : Cl — > Tl that is ramified precisely 
over the singularities ofT. The point p of Cl is smooth if and only if fi(p) 
is smooth. 

IfTL is smooth, the Albanese variety of S is isomorphic to the Prym variety 
Pr{C L /T L ). 

Let F-)-Fbe the blow-up of F along a line L on F. The variety F has 
a natural structure of a conic bundle: 

F -> P 2 = X 

where X parametrizes the planes containing the line L. The fiber over the 

point x is (isomorphic to) the quadric Q x such that F fl Y x = Q + L. For x 

defined over k, the number of Appoints of Q x is: 

i) q + 1 if Q x is geometrically irreducible i.e. x r^/c) or if x G r^(/s) is a 

singular point of T, in that case Q x = 2L' with V a A;-rational line on F. 

ii) 2q + 1 if Q x = L\ + L 2 with Li,L 2 two different lines defined over k, i.e. 

the 2 points in Cl over x G r^(/c) are in Cl{K). 

iii) 1 if the conic Q x degenerates to a union of two line over a (degree 2) 

extension of k, i.e. if the 2 points in Cl over x G Ti(fc) are not in Cl(A:). 

Let N r (X) denotes the number of rational points of a variety X over the 
degree r extension A; r = F g r of k. The following Proposition is [5j Formula 
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(18)], however we reproduce the proof here because it explains the algorithm 
computing N r (F) we describe below. 

Proposition 8. We have 

N r (F) = q 3r + q 2 r +q r + 1 + cf(N r {C L ) - N r {T L )). 

Proof. Let a be the number of F q -rational singularities of Tjj (and Cl)- 
Taking care of the three above possibilities i), ii) and iii), we get: 

iVi(F) = (q + l)(iVi(P 2 ) - iVi(r L ) + a) + (2q + l)\(N x (C L ) - a) 
+{N 1 {V L )-a-\{N l {C L )-a)) 

thus 

N X {F) = q 3 + 2q 2 + 2q + l + q^C^ - iVi(r L )). 

As each point on L ^-» F is replaced by a P 1 on F, we have moreover: 

N 1 (F)=N 1 (F)-(q+l) + (q+l) 2 , 

thus Ni(F) = q 3 + q 2 + q + 1 + q^Ci) - N^Tl)). U 

Let fi : Cl —> Fl be the degree 2 map and let a; be a fc-rational smooth 
point on I\ In order to compute the numbers N t {Cl) — N r (Ti), we need 
to understand when the two /c-rational points in /i _1 x are A;-rational. For 
1 < i < 3, let Si G H° ([*£,, 0(a)), a = 2 or 4 be the (i,i)-minor of the matrix 
M e . 

Proposition 9. Let x be smooth point of V. There exists an integer 1 < 
i = i(x) < 3 such that 8i(x) ^ 0. The curve Cl has two rational points over 
x <E Pl(A;) if and only if —5i(x) G (A;*) 2 . 

Proof. Let x a A;-rational smooth point of T and let Q = Q x such that 
F C)Y X = L + Q. The line L = {y\ = 0} meets Q x ^-> Y x in the points such 
that: 

Vi = hvl + 2£ 2 y2V3 + kvl = 0. 
Therefore, if — 8%{x) = B^x) — l\(x)li{x) is nonzero, the curve Cl has two 
rational points over x G ^L(k) if and only if — 6s(x) G (k*) 2 . 
For Ss(x) = 0, we only sketch the proof ; see also (3J Lemme 1.6] and its 
proof. In that case, we have Y x ■ F = L + Q x = L + L\ + L 2 with Li,L 2 
defined over k and meeting in a /c-rational point p of L. It is possible to 
explicitly compute a model in P 3 of (the degree 6) scheme X v of lines in the 
cubic F going through p. By knowing X p , we can determine whether the two 
points on X p corresponding to the lines Li,L 2 are fe-rational or not and this 
is so if and only if —5\ is a nonzero square or —5 2 is a nonzero square. □ 

Let us describe the algorithm for the computation of the numbers N r (F) 
and N r (C L )-N r (T L ). 

The input data is a cubic threefold F over ¥ q containing a F g -rational line 
L. To this data is associated the matrix M® defined above whose determi- 
nant is the equation of the quintic Tl ^ X = F 2 (maybe singular). Then 
we compute N r = N t (Cl) — N r (TL) as follows: 

Initiate N r := 0. For x G P 2 (F g r), if det(M e )(x) = then if -8 3 (x) G 
(F*r) 2 then N r := iV r + 1, else if -S 3 (x) / 0, then N r := N r - 1, otherwise 
if -Si(x) G (F*,.) 2 then N r := N r + 1 else if -6i(x) + 0, then iV r := N r - 1, 
otherwise if -5 2 (x) G (F* r ) 2 then N r := N r + 1 else if -5 2 {x) / then 
N r := A^ r — 1 end if, end for. 
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The output N r equals N r {C£) — N v (Tl). Remark that the — Si are transi- 
tion functions of an invertible sheaf C on T^ such that C® 2 = wr- The data 
of C corresponds to the degree 2 cover /i : Cj_, —> Tl and a point on Tl is 
singular if and only if VI < i < 3, 5i{x) = 0. 

The knowledge of Ny, . . . , N$ is enough to get the 5 first coefficients of the 
degree 10 polynomial Pi(Pr(Cz,/TL),T) £ Z[T] and the remaining 5 ones 
are determined by the symmetries of P\ . 

Remark 10. This algorithm for computing the action of the Frobenius on the 
Prym variety Pt{Cl/Yl) is generalizable to other plane curves occurring as 
discriminant locus of other quadric bundles, see e.g. [3]. 

4. Examples 

4.1. Reduction in characteristic 5 and 7 of a cubic threefold. Let 

F H P 4 be the cubic threefold with equation: 

F eq = x\x\ + 2x 2 x 4 x 5 + X3X5 + 2gix 4 + 2q 2 x 5 + /, 

where: 

qi= x\ + 2x\ + X2X3 + x\ 

q 2 = X1X2 + 4x 2 x 3 + x\ 

f = xlx 3 - (x\ + Ax\x\ + 2x|). 

The cubic F is smooth in characteristic 5,7,11 and 13 ; it is singular in 
characteristic 2, 3. The associated quintic curve r = Tl is smooth in char- 
acteristic 3, 7, 11, 13, but singular in characteristic 2, 5. 

Remark 11. The cubic F/q and its Fano surface S/q have bad reduction at 
the place 3, however the intermediate Jacobian J(F) ~ Pr(Ci/TL) has good 
reduction. This is the same phenomena as for the curves and their Jacobian. 
We remark also that the curves Tl and Cl both have bad reduction at the 
place 5, but the associated Prym variety has good reduction. 

We have implemented the algorithm in Sage. Using a personal laptop, it 
takes 5 minutes to obtain Pi(S,T) for S over F7. 
Over F5, we get (see |13j ) : 

Pi(5/ Fs ,r) = (5T 2 + 1)(625T 8 + 50T 6 + 40T 5 - 6T 4 + 8T 3 + 2T 2 + 1). 

The Fano surface SV 5 has Picard number 5 and contains 33 F3-rational 
points. We have: 

P 2 (5 /F5 ,5~ s ) _ 2 18 -3 5 -157 
A5 - iTi (1-5^)5 " 5^ • 

Over F7, we get: 

PxiS/v^T) = 1 + 4T + 15T 2 + 46T 3 + 159T 4 + 460T 5 + 1113T 6 
+2254T 7 + 5145T 8 + 9604T 9 + 16807T 10 . 

It is an irreducible polynomial over Q, therefore by the Honda- Tate Theorem 
[101 Theorems 2-3, App. I], the intermediate jacobian J(F) of F is simple. 
The Fano surface SV 7 has Picard number 5 and 97 F7-rational points. We 
obtain: 

P 2 (S /F7 ,7- S ) _ 2 4 • 83 2 • 557 • 5737 



^7 := lim 



1 (1-7 1 - 5 ) 5 7 10 
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Remark 12. We prove in [15] that a generic Fano surface over C has Picard 
number p = 1. One would like to exhibit an example of a Fano surface over 
Q with p = 1. By reducing the above Fano surface S/q modulo a prime we 
obtain the bound p$ < 5. Since A^jA-j is not a square in Q, we can apply 
the van Luijk method [8j and obtain the inequality ps < 4. 

Over the field Fn, the computation becomes difficult : it needs 4 min- 
utes to get N& but more that 24 hours to get N$. By (6J Lem. 1.2.3], for 
positive integers q, d,j and complex numbers a\, . . . , clj-i, there exists a cer- 
tain disk of radius ^qi' 2 which contains every cij for which we can choose 
CLj+l, . . . , a<2 € C so that the polynomial 

j=d 
R(T) = 1 + Y^ a J TJ 

i=i 

has all roots on the circle \T\ = q^ 1 ' 2 . In our case, -^qi' 2 = ^H 5 / 2 = 
802.623... and we obtain that Pi(S/^ 11 ,T) = Q a , where a is an integer in 
{80, . . . , 332} and 

Q a = 1-T + 13T 2 + T 3 - 28T 4 + aT b - 11 • 28T 6 

+ U 2 T 7 + n 3 . 13T 8 _ U 4 T 9 + U 5 T 10 

For all the consecutive values a G {80, . . . , 332}, the polynomial Q a has its 
roots equal to ll -1 ' 2 (with error at most 10~ 10 ) and we cannot distinguish 
the a corresponding to our Fano surface S. 

4.2. The Klein cubic threefold. Let S/q be the Fano surface of lines of 
the Klein cubic threefold : 

F/q = {x\x2 + x\xz -I- £3X4 + x|x 5 + x\x\ = 0}. 

It is easy to check that F (hence S) has good reduction at every prime 
p^ll. " 

Proposition 13. Let us suppose p^2. //H is not a square modulo p, then 
S p the reduction mod p is supersingular i.e. its geometric Picard number 
equals 45 = 62 ; otherwise S p has geometric Picard number 25. 

Proof. Let be v = " 1+ ^ rTI , O = 7L\v\ and E = C/Z[u}. The intermediate 
jacobian J(F)/q is isomorphic to E 5 (see |16|). By [T8] App. A3], the elliptic 
curve E has the following model over Q: 

y 2 + y = x 3 - x 2 - 7x + 10, 

which we still denote by E. The curve E has good reduction for prime 
p ^ 11 and it has complex multiplication by O (over a certain extension). 
We use the criteria of Deuring [7] Chap. 13, Thm 12)] : for odd p ^ 11, 
the reduction of E modulo p is a supersingular if and only if p is inert or 
ramified in O. By classical results on number theory, an odd prime p 7^ 11 
is inert or ramified in O if and only if 11 is not a square modulo p. 

Over an extension, the intermediate Jacobian J(F) is isogenous to E 5 . 
By [10] . the geometric Picard number of the reduction modulo p of J(F) is 
therefore 45 if 11 is not a square modulo p, and 25 otherwise. □ 
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